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Abstract. It was shown by Ford and Roman in 1996 that quan- 
tum field theory severely constrains wormhole geometries on a 
macroscopic scale. The first part of this paper discusses a wide 
class of wormhole solutions that meet these constraints. The type 
of shape function used is essentially generic. The constraints are 
then discussed in conjunction with various redshift functions. Vio- 
lations of the weak energy condition and traversability criteria are 
also considered. 

The second part of the paper analyzes analogous time-dependent 
(dynamic) wormholes with the aid of differential forms. It is shown 
that a violation of the weak energy condition is not likely to be 
avoidable even temporarily. 

PACS number(s): 04.20.Jb, 04.20.Gz 



1. Introduction 

Wormholes may be defined as handles or tunnels in the spacetime 
topology linking widely separated regions of our universe or even of 
different universes. The possible existence of wormholes was already 
recognized by Ludwig Flamm in 1916 l a . The now classic work of 
Einstein and Rosen |2| dates from 1935, while the work of Wheeler |3] 
in the 1950 's initiated the modern era. More recently, the discovery of 
traversable wormholes by Morris and Thorne |3] resulted in a flurry 
of activity that continues to the present and has led to speculations 
about interstellar travel and even time travel [.5J. An excellent survey 
of these developments can be found in the book by Visser [U]. 

As Morris and Thorne |lj observed, to hold a wormhole open, vio- 
lations of certain energy conditions must be tolerated. More precisely, 
all known forms of matter obey the weak energy condition (WEC) 
T a 0H a ^ > for all time-like vectors and, by continuity, all null vec- 
tors. For a detailed discussion see Friedman |7| . If the WEC is violated, 
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then the energy density of matter may be seen as negative by some ob- 
servers. Morris and Thorne call such matter "exotic." 

A detailed analysis by Ford and Roman [H] in 1996 showed that quan- 
tum field theory constrains the wormhole geometries so that some of 
the earlier wormhole solutions proved to be problematic on a macro- 
scopic scale: either the wormhole is only slightly larger than Planck 
size or there exist large discrepencies in the length scales that describe 
the wormhole. At best, the negative energy matter will have to be con- 
fined to a shell very much thinner than the throat. Various solutions 
meeting these constraints are discussed in Ref. 0,0, and [TU] . 

In this paper we treat these restrictions as basic requirements for 
any (traversable) wormhole. A wide class of wormhole solutions can 
nevertheless be constructed. In particular, the shape functions are 
quite general, essentially generic. The constraints are then discussed in 
conjunction with different redshift functions. As usual, the wormholes 
are assumed to be spherically symmetric, joining distant regions that 
are asymptotically flat. The last requirement is needed in the discussion 
of wormhole size and traversability conditions. 

This paper is divided into two parts. In the first part (Section |2J) 
the time-independent solutions are discussed. This allows a straight- 
forward analysis of the weak energy condition in terms of the redshift 
and shape functions. Most of the discussion of traversability conditions 
assumes time-independence. 

The second part (SectionHJ) discusses analogous time-dependent (dy- 
namic) wormholes using a very general form of the line element. It is 
shown that even a temporary suspension of the weak energy condition 
is likely to yield an event horizon, in which case one no longer has a 
wormhole, or the tidal forces increase until the wormhole is no longer 
traversable. This section uses the method of differential forms and is 
largely independent of the first part of the paper. 

2. Time-Independent Solutions 

2.1. The Shape Function. Our starting point is the spherically sym- 
metric line element 

(1) ds 2 = - e 2 ^c 2 dt 2 + e 2a ^dr 2 + r 2 (d6 2 + sin 2 ^0 2 ) 

where — oo < t < oo, 0<r <r<oo, < 6 < ir, and < (p < 2n. 
Here r y(r)± and a(r)± are functions of the radial coordinate r. The 
subscript ± refers to the respective "upper" and "lower" universes but 
will not be used in the remainder of the paper. (We also refrain from 
adopting units in which c = 1 to facilitate the calculations in Sections 
EH and O) 
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In line element (pQ), the functions j(r) and a(r) can be freely assigned 
to yield the desired wormhole properties. For the former, called the 
redshift function, we demand that e 27 ^ not have any zeros; in other 
words, there is to be no event horizon. The function a(r) determines 
the shape function b = b(r), defined below. 

The wormhole geometry is usually described by means of an em- 
bedding diagram in three-dimensional Euclidean space at a fixed mo- 
ment in time and for a fixed value of 9, the equatorial slice 6 = tt/2 
(Ref. jUnni)- The resulting surface of revolution has the parametric 
form 

(2) f(r, (p) = (rcos0, rsin0, z(r)) 

for some function z = z(r). This surface connects the asymptotically 
flat upper and lower universes. The radial coordinate decreases from 
+oo in the upper universe to a minimum value r = corresponding to 
the throat of the wormhole, and then increases again from r to +oo 
in the lower universe. 

The function z = z(r) in Eq. (J2J) must have the following properties: 

(3) lim £ = 0, 

the meaning of asymptotic flatness. At the throat r = ro, 

(4) lim — = +oo. 

r^r + dr 

(The embedding surface must have a vertical tangent at the throat.) 
Returning to the line element (JIJ, we further assume that a(r) has a 
vertical asymptote at r = r : lim r ^ ro+ a(r) = +oo. In addition, a(r) 
is twice differentiable and strictly decreasing with lim^oo a(r) = 0. 
It is now seen that these requirements are met by z = z(r) such that 

(5) ^ = Ve 2a ^ - 1 

dr 

(for the upper universe). Moreover, d 2 z/dr 2 < near the throat (since 
a'(r) < 0), as required by the "flaring out" condition (Ref. [3]). 
The shape function b = b(r) is now defined by 

1 



e 2o(r) 



6(r) • 



The shape function determines the spatial shape of the wormhole as 
viewed in an embedding diagram. For example, the asymptotic flatness 
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may now be described by the condition 

lim b Jd = o. 

At the throat we have b(ro) = Tq, as in the case of a Schwarzschild 
wormhole. 

To obtain the general form of the shape function b = b(r), we return 
to the parametric form (J2J), 

f(r,4>) = (rcos0, rsin0, z(r)). 

To determine the induced metric ds\ = dx 2 + dy 2 + dz 2 on this surface, 
compute the three differentials and substitute, yielding ds\ = dr 2 + 

r 2 d(j) 2 + (z'(r)) 2 dr 2 , or 

ds\ = [l + (z'(r)) 2 }dr 2 + r 2 d<j) 2 . 

It follows from 

1 + WW = ^ 



and dz/dr = Ve 2a ^ - 1 that 

(6) b(r) = r(l-e- 2a{r) ). 

This is the general form of the shape function. We assume only that 
a(r) is twice differentiate for r > r . (It will be seen later that for 
physical reasons a(r) must "level off' sharply.) 

2.2. The Redshift Function. Since we are using a very general form 
for the shape function, a suitable form for the redshift function needs 
to be found. An excellent choice is j(r) = —tz/r, proposed by An- 
chordoqui et al. Here k is a positive constant to be determined 
later. Since r = is not part of the manifold, there is no event horizon. 
This choice is particularly convenient for determining the size of the 
wormhole, as well as the traversability conditions, in Sections 13. II and 

EH 

Another, more general, way to avoid an event horizon is to denote 
the function a by a(r — r ) to emphasize its behavior at the throat 
and to use the translated curve j(r) = —a(r) for the redshift function. 
Thus lim r _^ + tt ( r ) — 00 • The line element then becomes 

( 7 ) rfs 2 = _ e -2a(r) c 2 dt 2 + ^r-r,)^ + ^2 + ^ 

In Section 14.21 the solution will be extended to the time-dependent 
redshift function j(r) = —\(r,t). 

To study the traversability conditions, we need the components of 
the Riemann curvature tensor. As will become apparent later, making 
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the redshift function time-dependent does not result in any additional 
nonzero components. The calculations have therefore been carried out 
for 7(r) = —\(r,t), this case being of particular interest. The results 
are given in the Appendix. The special cases 7(7") = —n/r and 7(7") = 
—a(r) follow. In fact, for 7(7-) = —a(r), we have in the following 
nonzero components expressed in the orthonormal frame: 



1%. 

rtr 



= -Ri.~ 

rrt 
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= e~ 


2a(r—ro) 


[a"(r) - 


pi 

IX §i§ 


- R* 

lx eei 


- 

^iie 


- R° 

n i6i 


^4>i4, 




= R^i 

tt<j> 


= -A- 

t<j>t 


r>r 


~ 






jj>f 

<f>r<f> 
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[a"(r)-a'(r)a'(r-r )-(a'(r)) 2 }, 
-e- 2a(r - ro V(r), 



(8) R\a = - R \m = R %1 = - R m. = l -e-^-^a\r\ 



l e -Mr-ro) a >( r _ ro \ 

r 



_ e -2a(r-r ) a >( r _ ro ^ 

r 

' ^2 ( 



e -2a(r-r )^ 



The components of the Ricci tensor are also listed in the Appendix. 
The components of the Einstein tensor are given by (from G & p = R & ^ — 

\Rg«p) 

G u = V 2a(r - ro W(r - r ) + ^ (1 - e- 2ai - r ' r °>) , 



(9) Gff = --e- 2a{r - ro) a'(r) - \ (l - e ~ 2a{r ~ r °>) , 



Gm = Gu = e~ Mr - ro) 



- a"{r) + a'(r)a'(r - r ) + {a'(r) f 



— a'(r) a'(r — r ) 

r r 
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2.3. Analyzing the WEC violation. We now show that near the 
throat the weak energy condition is violated. In the orthonormal frame 
the basis vectors are those used by static observers. As a result, the 
components of the stress-energy tensor are simply 

(!0) T it = PC 2 , T ff = -r, and T §§ = = p, 

all of which are functions of the radial coordinate r for static wormholes. 
Consider next the weak energy condition T^pf'p 13 > 0, where p a = 

(//, /i r , 0, 0) = (1, 1, 0, 0) is a radial outgoing null vector. The condition 
now becomes T^+T^ = pc 2 — r > 0. Given the Einstein field equations 



;il) G & p = 8nGc-% $ 



we evidently need to examine 
(12) pc 2 -r = T ii + T f , ' 



8nGc~ 4 



This equation shows that pc 2 — t < near the throat (but not nec- 
essarily at the throat). Moreover, if a(r — tq) is steep enough (i.e., if 
\a'(r — r )| decreases fast enough), then the interval containing exotic 
matter can be made as small as necessary to satisfy the quantum in- 
equality of Ford and Roman 8J. This can be seen more easily with the 
redshift function 7(7") = — n/r in line element (0): 

2 - 2 «(—°) (a'(r-r ) + ^j 



(13) pc 2 - r ' 



8vrGc- 4 



-e 

r 



In other words, up to now a(r — r ) was assumed to be any twice 
differentiable function approaching the asymptote r = r$ from the 
right, but now we see that for physical reasons some restriction must 
be placed on its slope: choose a{r — r ) so that \a'(r — r )\ < n/r 2 
outside the interval [r ,r!] for some r\. 

With these assumptions, b'{r) is close to unity near the throat, caus- 
ing the embedding function to flare out very slowly, also in agreement 
with 0. 

3. Traversability Conditions 

3.1. Wormhole Size. To estimate the size of the wormhole and to 
check the traversability conditions, we need to rely on specific examples. 

One solution that meets the constraints mentioned earlier is the 
Morris- Thorne-Yurt sever wormhole (MTY) discussed in Ref. [S]. Par- 
ticularly encouraging is the fact that this wormhole makes use of the 
experimentally confirmed Casimir effect, that is, the effect produced by 
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two parallel conducting plates a small distance apart, resulting in a vi- 
olation of the weak energy condition. Accordingly, the MTY wormhole 
consists of a pair of spherical charged Casimir plates within a very small 
proper distance of each other, positioned on each side of the throat. 
The energy density is negative between the plates and near exotic out- 
side the plates, i.e., the outside is a classical radial Coulomb field with 
pc 2 = r = p = Q 2 /8Trr 4 , which produces a Reissner- Nordstrom space- 
time geometry j^J. 

As noted earlier, since b'(r) is likely to be close to unity near the 
throat, the wormhole will flare out very slowly. Consequently, r is 
going to be relatively small; so we may assume that r ~ 0. As a 
result, referring to the line element (0), we may choose 

k 0.00025 _ , , 0.00025 
(14) 7(r) = — = and a(r) = . 

Then 6(r) = r(l - e -°- 0005 / r ). 

To obtain the desired estimates, we consider the thought experiment 
in Morris and Thorne (Ref. [3]). They assumed that the spaceship trav- 
els radially through the wormhole starting at a space station located 
at a safe distance from the wormhole. In particular, we would like the 
station to be far enough away from the throat so that 1 — b(r)/r is 
within 1% of unity: 

6(r) 



e 



-0.0005/r _ q gg 



r 

yielding r = 0.0497 l.y As in Ref. 0], we assume that the spaceship 
accelerates at g e = 9.8 m/s 2 halfway to the throat and then decelerates 
at the same rate until it comes to rest near the throat. We have s = 
\ [0.0497 x 9.46 x 10 15 m] and t = = 6 926 450 s « 80 days. 

The total length of the trip, then, is less than one year, as recommended 
in Ref. jl]. (The maximum velocity is about 68 000 km/s.) 

3.2. Other Traversability Conditions. The choice of k = 0.00025 
not only yields the relatively low travel time of 80 days for the first 
part of the trip, it also helps in satisfying conditions (40) and (43) in 
Ref. [3]. For example, at the space stations condition (40) requires that 
b/r <^ 1 and | <&| <C 1, where $ is the redshift function. We have 

- = 1 - e -°- 0005 A « 0.01 < 1 and | $| = ^ w 0.005 < I. 
The redshift function must also satisfy, again by condition (40), 

~ (?y/l-b/r 
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At the station, b/r ~ 0, so the condition becomes $' < (9.2 x 10 15 m) _1 . 
Since k has units of length, we have indeed 

k 0.00025 x 9.46 x 10 15 m 17 , 

— — ~ i i x 10 m 

r 2 (0.0497 x 9.46 x 10 15 m) 2 

For the MTY wormhole, r = 1 A.U. « 0.0000158 l.y. So near the 
throat, 

0.00025 x 9.46 x 10 15 m 1 1 _ 

$ Ri 1.1 X 10 

(0.0000158 x 9.46 x 10 15 m) 2 
which is less than 



c 2 ^l - 6/r 9.2 x 10 15 ^L8 x 10" 14 
Condition (43), | a| < g®/c 2 , where 



8.1 x 10- lu m" 



±(i-;)We*)'c 2 , 



which is a constraint on the traveler's acceleration, follows directly since 
the Lorentz parameter 7 is close to unity. 

To analyze the tidal gravitational forces that an infalling radial ob- 
server may feel during the journey, we need to find some of the com- 
ponents of the Riemann curvature tensor relative to the following or- 
thonormal basis (from the usual Lorentz transformation): 

e 6 , = 7e f =F 7 (^) e*, e v = Tie? + 7 

e 2' = e ei % = e j>- 

As suggested in Ref. [I], the tidal forces that an observer would feel 
must not exceed the ones experienced on Earth. As outlined in Ref. jl], 
the radial tidal constraint is given by 

I'W'Q'I S C 2 x2m - ( 10 8 m )2> 

assuming an observer 2 m tall. Thus, from Equations (JBJ) and (|14jl . 



(15) |-Ri'6'i'6'l ~~ 1-^. 



fift 1 



Ik k f k\ k 

,y3 ,y2 ^ i^i4 



e -0.0005/r 



0.0005 2(0.00025)' 



^3 



which is well below (10 8 m) 2 for all r in the interval (0, 00). 
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For the lateral tidal force we have 

2 I 2 I ' v \ 2 D 

(16) IAj'6'2'6'1 = 1-^3' 6' 3' 6' I = 7 l-^eferl ' 

which also meets the constraint l-Rg'o'ro'l — (10 8 m)~ 2 even at high 
velocities. 

4. Time-dependent solutions 

4.1. Introduction. A number of studies in recent years have dealt 
with time-dependent (dynamic) wormhole solutions. A particularly 
interesting example is the possibility of enlarging a submicroscopic 
wormhole to macroscopic size considered by Roman ^2] using the line 
element 

Kim ^3] generalized the Morris-Thorne wormhole by using a scale fac- 
tor R(t): 

ds 2 = -e 2 *^dt 2 + R 2 (t) 

It was concluded in the former case that a violation of the WEC cannot 
be avoided, while in the latter case it can. 

Line elements with a conformal factor Q(t), that is, 

ds 2 = Q{t) [~e 2 ^dt 2 + e 2A ^dr 2 + r 2 {dd 2 + sin 2 9 d<p 2 )] 

were considered by Anchordoqui et al. [TT], Kar jHj, and Kar and 
Sahdev [T3] . All have concluded that the WEC violation can be avoided 
for various intervals of time. Similar conclusions can be found in [To] . 

In this paper we analyze the more natural case in which both 7 and 
a in line element are time- dependent, thereby differentiating our 
results from those cited above. This approach clearly points out the 
consequences of trying to eliminate the exotic matter even temporarily. 

4.2. The Time-Dependent Redshift Function. Suppose the red- 
shift function is time-dependent, i.e., j(r) = —\(r,t). Then the weak 
energy condition becomes p(r)c 2 — r{r,t) > 0. So we need to examine 
the following equation, using the information in the Appendix: 



dr 1 

- b(r)/r 



+ r 2 (d6 2 + sin 2 fl, 



1 — kr 2 — b(r)/r 



+ r 2 {d0 2 +sin 2 l 



(17) p(r)c 2 -r(r,t) 

1 \2 . / . . d 
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Since a'(r — Tq) is still the same, this condition is similar to Condi- 
tion (|12j) for any fixed t. There is one important difference, however: 
since A(r, t) varies with time, there may exist time intervals in which 

«'-|-A(r,t)=0 

in the vicinity of the throat. This suggests that the weak energy condi- 
tion and the need to use exotic matter can be temporarily suspended. 
Unfortunately, in this time interval, X(r,t) = a + k, where k is a finite 
quantity. So the first term in the line element (0) becomes zero at the 
throat, thereby creating an event horizon. A similar conclusion was 
reached by Hochberg and Visser by defining a wormhole throat 
to be a marginally anti-trapped surface. For a discussion of whether 
this definition necessarily applies to all wormholes, see Li JH]- Our 
conclusions hold for the type of wormhole in the studies cited above. 

4.3. The Time-Dependent Function a(r,t). If a(r,t) and the re- 
sulting shape function b = r(l — e~ 2a ^ r '*- ) ) are also time- dependent, we 
will get additional nonzero components of the Riemann curvature ten- 
sor. As a result, the calculations in the Appendix can no longer be 
used. The safest way to obtain these components is by the use of dif- 
ferential forms (Cartan's method). To do so, we will follow the book by 
Hughston and Tod |19] . (The remainder of this paper is independent 
of the preceding part.) 
The line element is 

(18) ds 2 = -e~ 2X ^c 2 dt 2 + e 2a ^dr 2 + r 2 d6 2 + r 2 sin 2 ^0 2 , 

where both A and a are time-dependent. Given the basis 

Q0 = e -A(r,t) dt) 01 = e «(r,t) drj 02 = rd Q^ 03 = r sin ^ 

we calculate the exterior derivatives: 

d6° = -^-A(r,t)e- Q(r ' t} 6 1 A 9°, 
or 

dO 1 = ^- a (r,t)e x ^ 6° A6 1 , 
dt y ' 1 

r 

do 3 = ^e- a(r ' t} e 1 a e 3 + -(cot e) e 2 a e 3 . 

The connection 1-forms uo l k have the symmetry 

u \ = u;i (i = 1, 2 , 3) and = -lu\ (i, J = 1,2,3,^ j) 
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and are related to the basis 6 l by 

dff = -u\Ae k . 

The solution of this system is found to be 

uj\ = -^-\(r,t)e~ a ^ 9° + |- a (r,t)e A ^ 0\ 



dr 



,o _ , ,o 

2 



dt 

,2 _ , ,3 



■jj - uj" 3 = uj~ q = uj = 0, 



u\ = --e- a ^ 6 2 = -uj\, 
r 

\ = --e- a ^ 9 3 = -co\, 
r 

2 3 = ~(cot6) 9 s = 



CO 



The Cartan structural equations then take on the form 



By direct calculation, 
Q° 1 — 



+ e 



,2\(r,t) 



-2a(r,t) 



d 



d 



d 



^a(r,t) + -X(r,t)-a(r,t)+[-a(r,t) 



d 



dt 




d 



d 



— X(r,t) - ^-X(r,t)-a(r,t) - -X(r,t) 



dr 2 



dr 



dr 



d 



dr 



9° A9 1 



fA9 1 



n% = -|-A(r, t)e- 2a ^ 9° A 9 2 - -^-a(r, t)e x ^e~ a ^ 9 1 A 9 2 , 
r or r dt 

fi o = I|-A(r, t)e- 2a ^ 9° A 9 3 - -%-a(r, t)e x ^e~ a ^ 9 1 A 9 3 , 
r or r at 

Q\ = - e - a ^e x ^^-a(r,t) 9° A 9 2 + - e ' 2a ^^-a(r, t) 9 1 A 9 2 , 
r at r or 

Q\ = -^-a(r, t ) e - a{r ^e x ^ 9° A 9 3 + -^-a(r, t)e~ 2a ^ 9 1 A 9 3 , 
6 rat y ' rdr y ' 



n\ = - 2 (1 - e ~ 2a ^) 9 2 A9 3 . 



The final step is to read off the components of the Riemann curvature 
tensor from the formula 



^ i J = ^R mn ;o m A9 n . 



Following Hughston and Tod, we omit the hats, even though the com- 
ponents are in the orthonormal frame. (The negative sign is needed 
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because Hughston and Tod use different sign conventions in defining 
the curvature tensor.) 

Note: all other components are zero. 



-"-on ~~ e 



d 



d 



d 



— a(r,t) + —\( r ,t)—a(r,t) + ^-a(r,t) 



dt 2 



dt 



dt 



d 



-2a(r,t) 



dr 2 dr dr 

R - --p- 2a( - r ^—\(r t) - R 

JX 022 ~~ e o A Vi L ) — -^033 > 



dt 
d 



1=L A M) - -izKr,t)-^a(r,t) - [ ^A(r,t) 



dr 



(19) 



R 



122 



i e -^)|. Q(r , t)=jRl33 l, 



R 



233 



-id 



-2«(r,t) 



). 



fi 122 ° =ie*<-"e-<-"^ a (r,t) = fl 13s . 

The components of the Einstein tensor are listed next, including the 
new component, G^. 



G ff = -e- 2 ^)-a(r,t) + -(l-e- 2 ^)), 



(20) 

Gaa = G : 



G 



tf - 2 -e^e-^^a(r,t), 



= —e 



2X(r,t) 



D -2a{r,i) 



dt 2 
dr' 



d 



d 



dt 
d 



dt 
d 



d 



dr 



dr 



-2a(r,t) 



dt 
d 



dr 



_ A (r,t) + -a(r,t)). 



Remark: It is assumed that the results in this section are of interest 
in their own right. To ensure accuracy, the calculations were checked 
using the traditional method for determining the components of the 
Riemann curvature tensor. 
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4.4. WEC Violation. According to Roman [12], is interpreted as 
energy flux, i.e., = ±/, where / is the energy flux in the outward ra- 
dial direction. The sign depends on whether the wormhole is attractive 
or repulsive. The expression for T^p a pP now becomes 



(21) pc 2 -r±2f 



8ttGc- 4 



2 

-e 

r 



■2a(r,t) 



d . . d w . 



± i e X(r,t) e -a(r,t)d 

r dt v 1 



As expected, if the shape function is independent of time, then Eq. pTjl 
reduces to Eq. (fT7|). Otherwise, if the last term is positive (resp. neg- 
ative), the energy violation is less severe (resp. more severe). It is 
unlikely, however, that the energy violation can be eliminated com- 
pletely, as will be seen below. 
The expression for 



f22) 



T tt + T ee = T ii + T U = pc 2 + P 



is also available from Eq. (|20|1 . Although of interest, the results are 
complicated and difficult to analyze in the absence of specific functions. 



4.5. Traversability Conditions. For the time-dependent case an anal- 
ysis of the tidal gravitational forces is somewhat more complicated. 
From Eq. (JH5J) 



(23) 



l^2'6'2'6'l 



|-^3'6'3'6'l 



7 



: 7 \R d tet 

ld_ 

r dr 



,1+7 
A(r,t)e" 2Q(r ' t) 



c 111 



8rdr 
y\ 2 
C 

V 



+ V ( - 

c 



\R. 



etef i 



+ 7 



+ 2 7 z - 



ld_ 

r dr 



a(r,t)e- 2Q{r>t) 



1 9 . 
~—a{r,t)e 
r at 



\(r,t) e -a(r,t) 



The resulting constraint complements Eq. ([21)1: whenever ot(r,t) in- 
creases or decreases fast enough, the lateral tidal force increases in 
time. So while Eq. (|2T|) suggests that the energy violation can be much 
reduced or even eliminated, the increasing tidal force is likely to make 
the wormhole nontraversable. 

Similar comments apply to the radial tidal constraint involving 
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One can see from Eq. (fTT)|) that if a(r,t) changes fast enough, then 
the tidal force may very well increase in time. For example, in the 
special case where A is constant, even a small increase in the time rate 
of change of a (or a steady decrease) will produce an ever-increasing 
tidal force. 

As a final remark, to see how an observer's four-acceleration varies 
with time, let = dx^/dr = (e x ^ r,t \ 0, 0, 0) be the four-velocity of an 
observer who is at rest with respect to the r, 9, <fi coordinate system. 
Then his or her four-acceleration is 

a» = V». V V V = (V»„ + K v V a ) V u . 

For the line element in Eq. ()18p. a* = 0, as one would expect, while the 
radial component is 

or = r: '(l) 2 = - cV2 ' ,< " ,, * A(r ' i) ' 

5. Conclusion 

We have shown that for wormholes to meet the quantum inequality 
constraints due to Ford and Roman [Sj, the shape function can have 
the generic form b = r(l — e~ 2a ^), but the slope of a is subject to 
some restrictions. The redshift function may also be quite general. 
Violations of the weak energy condition were discussed in terms of these 
functions. Analogous solutions were obtained for the corresponding 
time-dependent functions. It turned out that the energy violations 
may vary but cannot be completely eliminated, even temporarily. 

Specific examples of the shape and redshift functions have shown 
that the resulting wormhole is traversable for humanoid travelers. The 
conclusions are valid for the MTY wormhole. While initially promising, 
the MTY wormhole, as described in Ref . j3] , requires a huge apparatus 
that does not appear to be technically feasible in the forseeable future. 

On the other hand, if a way can be found to spread the exotic ma- 
terial over a larger region, or if, under certain conditions, the quantum 
inequality can be relaxed somewhat, then the solution will be closer to 
being realizable. Until (if ever) this happens, the solution presented 
here may be the best that can be done. 

APPENDIX 

The calculations in the Appendix refer to the line element with 
7 (r) = -X(r,t). 

A partial list of nonzero Christoffel symbols and Riemann curvature 
components are listed next. (Reminder: to obtain Eq. (jHJ), replace 
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A(r, t) by a(r) and a by a(r — r ).) 
d 



-re 



-2a 



r6 



T r H = -re- 2a sm 2 6 
j, = —sin 8 cos 6 



r 



cote 



r^AM) 



R t e t e = -r 2 e 2X ^R s m = re-^X(r,t) 



. r 2 e 2A(r,t) gin 2^ ^ = re -2 Q gin 2^ ^ 



Rq t q — T 6 R r ,fl^ — T6 



L r9r 



RU = r 2 e- 2a sm 2 dR% r = sin 2 # (re" 2f V) 



R° = S m 2 8R* = sm 2 9 (1 - e 



-2a\ 



The components of the Ricci tensor in the orthonormal frame are 
given next. {Reminder: to obtain Eq. Q, replace A(r, t) by a(r) and 
a by a(r — r ).) 



% = -e 



-2a 



<9 2 9 

A(r, t) - a'— A(r, t) 



dr 



dr 



d_ 

dr 



X(r,t) 



2 d 
--e- 2a fA(r,t) 
r ar 



Rr 



-2a 



d 2 



^ 2 X(r,t)-a'—X(r,t)- 



dr 



d_ 

dr 



X(r,t) 



+ -e~ 2a a' 



Ran — Rj 



1 -2a 9 



r dr 



A(r, t) + -e~ 2a a' + — (1 - e~ 2a ) 
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